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A (3 + 1)-dimensional Einstein-Gauss-Bonnet theory of gravity has been recently formulated in
[D. Glavan and C. Lin, Phys. Rev. Lett. 124, 081301 (2020)] which is different from the pure
Einstein theory, i.e. bypasses the Lovelock’s theorem, and avoids Ostrogradsky instability. The
theory was formulated in D > 4 dimensions and its action consists of the Einstein-Hilbert term
with a cosmological constant, and the Gauss-Bonnet term multiplied by a factor 1/(D − 4). Then,
the four-dimensional theory is defined as the limit D → 4. Here we generalize this approach to
the four-dimensional Einstein-Lovelock theory and formulate the most general static 4D black-hole
solution allowing for a Λ-term (either positive or negative) and electric charge Q. As the metric
functions cannot be found in a closed form in the general case, we develop and share publicly the
code which constructs the metric functions for every given set of parameters.
PACS numbers: 04.50.Kd,04.70.Bw,04.30.-w,04.80.Cc
I. INTRODUCTION
The Lovelock theorem states that there is no other ten-
sor, which is divergence free, symmetric, and concomitant
of the metric tensor and its derivatives in four dimen-
sions, except for the metric tensor and the Einstein tensor
[1]. Therefore, it was concluded that the appropriate vac-
uum equations in four dimensions are the Einstein equa-
tions with the cosmological term. In higher than four
dimensional spacetimes the most general theory of grav-
ity is generalized by adding higher curvature corrections
[1] to the Einstein action. In five- and six- dimensional
cases the addition term is the (quadratic in curvature)
Gauss-Bonnet term, while for higher number of space-
time dimensions D, higher curvature terms are required.
These are described by the Einstein-Lovelock gravity [1]
for arbitrary D. At the same time the higher curva-
ture corrections appear in the low-energy limit of string
theory. This induced considerable interest to Einstein-
Gauss-Bonnet and Einstein-Lovelock theories, and, espe-
cially to black-hole solutions in these theories [11–14].
Higher dimensional black hole in the Einstein-Gauss-
Bonnet gravity and its Lovelock generalization were stud-
ied in a great number of papers. Such black holes show
a number of peculiar properties which are not appropri-
ate for usual Tangherlini black holes [2]. Thus, when the
coupling constants are not small enough, the black holes
are unstable and the instability develops at high multi-
poles numbers [3–10, 31], the life-time of even slightly
Gauss-Bonnet corrected black hole is much longer and
the evaporation rate is much smaller [15], the eikonal
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gravitational quasinormal modes break down the corre-
spondence between the eikonal quasinormal modes and
null geodesics [16, 17].
Recently, in [18], it has been proposed the way to by-
pass the conclusions of Lovelock’s theorem by perform-
ing a dimensional regularization of the Gauss-Bonnet
equations and obtain a four-dimensional metric theory
of gravity with diffeomorphism invariance and second or-
der equations of motion. The approach has been formu-
lated in D > 4 dimensions and its action consists of the
Einstein-Hilbert term with a cosmological constant, while
the Gauss-Bonnet term multiplied by a factor 1/(D− 4).
Then, the four-dimensional theory is defined as the limit
D → 4 of the higher-dimensional theory after the ap-
propriate re-scaling of the coupling constant α. The
properties of black holes in this novel theory, such as
(in)stability, quasinormal modes and shadows, were con-
sidered in [19, 20], while the innermost circular orbits
were analyzed in [21]. The generalization to the charged
black holes and an asymptotically anti-de Sitter and de
Sitter cases in the 4D Einstein-Gauss-Bonnet theory was
considered in [22]. Various aspects of the new approach
to the regularization in the Einstein-Gauss-Bonnet the-
ory have been recently considered in [22–28].
Here we generalize this idea for the arbitrary Lovelock
theory, that is, we formulate the four-dimensional regu-
larized Einstein-Lovelock theory in a similar way as it was
done in [18] for the Einstein-Gauss-Bonnet case. Further
we discuss static charged black objects in this Einstein-
Lovelock theory, allowing for an (either positive or neg-
ative) cosmological constant curvature. Thus, among
other solutions, we find the metrics describing four di-
mensional, charged asymptotically flat, dS and AdS black
holes in the theory with higher curvature corrections and
a number of coupling constants. We consider the posi-
2tion of the event horizon for all the branches and the
Hawking temperature of the solutions. As in the gen-
eral case the metric function cannot be represented in a
unique closed form, but is represented by some solutions
of the algebraic equations, we also develop and share the
Mathematica R© code which allows to construct the met-
ric function for every fixed set of physical parameters,
such as values of the coupling constants, charge, mass,
Λ-term and number of spacetime dimensions.
Our paper is organized as follows. In Sec. II we propose
the regularized four dimensional Einstein-Lovelock the-
ory. Sec. III discusses static black objects in this theory.
In Sec. IV we discuss the structure of the event horizon
and the Hawking temperature of these objects. Sec. V is
devoted to the subclass of compact objects (black holes).
Finally, in the Conclusion we summarize the obtained
results and mention an open problem of stability.
II. LOVELOCK THEORY
The Lagrangian density of the Einstein-Lovelock the-
ory has the form [1]:
L = −2Λ +
m∑
m=1
1
2m
αm
m
δµ1ν1µ2ν2...µmνmλ1σ1λ2σ2...λmσm (1)
×R λ1σ1µ1ν1 R λ2σ2µ2ν2 . . . R λmσmµmνm ,
where
δµ1µ2...µpν1ν2...νp = det

δµ1ν1 δ
µ1
ν2 · · · δµ1νp
δµ2ν1 δ
µ2
ν2 · · · δµ2νp
...
...
. . .
...
δ
µp
ν1 δ
µp
ν2 · · · δµpνp

is the generalized totally antisymmetric Kronecker delta,
R λσµν is the Riemann tensor, α1 = 1/8piG = 1 and
α2, α3, α4, . . . are arbitrary constants of the theory.
The Euler-Lagrange expression, corresponding to the
Lagrangian density (1) is defined as follows:
Eµν ≡ ∂
√−gL
∂gµν
− ∂
∂xλ
∂
√−gL
∂gµν,λ
+
∂2
∂xλ∂xσ
∂
√−gL
∂gµν,λσ
.
In [35] it was shown that this expression has the following
form:
Eµν√−g = Λδ
µ
ν −
m∑
m=1
1
2m+1
αm
m
δµµ1ν1µ2ν2...µmνmνλ1σ1λ2σ2...λmσm (2)
×R λ1σ1µ1ν1 R λ2σ2µ2ν2 . . . R λmσmµmνm .
The antisymmetric tensor is nonzero only when the
indices µ, µ1, ν1, µ2, ν2, . . . µm, νm are all distinct. Thus,
the general Lovelock theory is such that 2m is smaller
than the number of spacetime dimensions D. In partic-
ular, in D = 4 spacetime the Lovelock theorem implies
that m = 1, which is equivalent to the Einstein theory
[1]. When D = 5 or 6, m = 2, implying that the cor-
rection to the Einstein action is quadratic in curvature
(in the Gauss-Bonnet form) and a new appropriate non-
vanishing coupling constant α2 appears.
Assuming a maximally symmetric solution of the D-
dimensional theory, we consider
R λσµν =
2Λe
(D − 1)(D − 2)δ
λσ
µν , (3)
where Λe is the effective cosmological constant.
Substituting (3) into (2) we find that Eµν = 0 yields
Λ =
m∑
m=1
αm
2m
(D − 1)!
(D − 2m− 1)!
(
2Λe
(D − 1)(D − 2)
)m
. (4)
It follows that the effective cosmological constant gets
corrections due to the Lovelock terms
2(Λ− Λe)
(D − 1)(D − 2) =
m∑
m=2
α˜m
(
2Λe
(D − 1)(D − 2)
)m
, (5)
where, following [4], we have introduced
α˜m =
αm
m
(D − 3)!
(D − 2m− 1)! =
αm
m
2m−2∏
p=1
(D − 2− p). (6)
We can see that α˜2 = 0 for D = 4, α˜3 = 0 for D =
4, 5, 6, α˜4 = 0 for D = 4, 5, 6, 7, 8 etc. Therefore, taking
the limit of αm such that α˜m remain constant, we obtain
the regularized theory, which generalizes approach of [18].
Indeed, in the case of the Einstein-Gauss-Bonnet theory
(m = 2) the above equation reads
α2 =
2α˜2
(D − 3)(D − 4) . (7)
Then, taking the limit D → 4 leads to
α2 → 2α˜2
D − 4 . (8)
Thus our units differs by a factor 2 from those used in
[18] and coincides with the units of [22]. It is worthwhile
noticing that prior to [18] the dimensional regularization
of this kind was suggested in an unpublished work by
Y. Tomozawa [29], where it was shown that the dimen-
sional regularization of the first-order quantum correc-
tions to gravity indeed corresponds to appearing of the
coupling α˜2 in the four-dimensional theory. It is natural
to expect that the higher Lovelock orders should describe
the corresponding higher-order quantum corrections.
Although the Lagrangian (1) diverges in this limit, we
conclude that no singular terms appear in the Einstein-
Lovelock equations for any D ≥ 3.
In particular, for D = 4, eq. (5) reads
Λ− Λe
3
=
m∑
m=2
α˜m
(
Λe
3
)m
= α˜2
Λ2e
9
+ α˜3
Λ3e
27
. . . . (9)
3The Einstein-Gauss-Bonnet theory (corresponding to
m = 2) implies existence of the two branches [18]
Λe =
3
2α˜2
(
−1±
√
1− 4Λα˜2
3
)
.
Only the “+” branch is perturbative in α˜2, while for the
“-” branch Λe diverges in the limit α˜2 → 0.
Similarly, the higher-order Lovelock terms imply addi-
tional branches. However, in the case of Lovelock theory
of any order there is only one branch, which is pertur-
bative in α˜m, what can be easily seen by inverting the
series (9). Now we are in position to consider static max-
imally symmetric solutions of the above theory allowing
for an event horizon, electromagnetic field (expressed in
the background electric charge of the object) and cosmo-
logical constant.
III. STATIC BLACK OBJECTS IN THE
REGULARIZED LOVELOCK THEORY
The generic D-dimensional static and maximally sym-
metric metric can be described the following line element
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2γijdx
idxj , (10)
where dΩ2n is a (n = D − 2)-dimensional constant cur-
vature space with a curvature κ = −1, 0, 1. The case
κ = 1 corresponds to the compact spherically symmetric
solution, describing a black hole.
Starting from the Einstein-Lovelock-Maxwell theory
and defining a new variable ψ(r) via the following re-
lation
f(r) = κ− r2 ψ(r), (11)
we obtain an algebraic equation [30]
P [ψ(r)] =
2M
rD−1
− Q
2
r2(D−2)
+
2Λ
(D − 1)(D − 2) , (12)
where
P [ψ] = ψ +
m∑
m=2
α˜mψ
m =
m∑
m=1
α˜mψ
m . (13)
When κ = 1, the arbitrary constant M defines the
asymptotic mass [32],
M =
(D − 2)piD/2−3/2
4Γ(D/2− 1/2) M, (14)
and Q is the electric charge,so that the nonzero compo-
nent of the electromagnetic strength tensor is
F tr =
√
(D − 2)(D − 3)
2
Q
rD−2
.
For these particular solutions, as in the general theory
above, for finite α˜m all terms remain finite for D ≥ 3.
The 4D Eintein-Gauss-Bonnet theory (m = 2 in (13))
implies that
P [ψ] = ψ + α˜2ψ
2. (15)
Therefore, for D = 4, eq. (12) leads to the two branches
[22],
f(r) = κ− r
2
2α˜2
(
−1±
√
1 + 4α˜2
(
2M
r3
− Q
2
r4
+
Λ
3
))
.
One of these branches, corresponding to the “+” sign,
is perturbative in α˜2. For the “-” sign the metric func-
tion f(r) goes to infinity when α˜2 → 0. Notice that the
above black-hole solution was also obtained in [33, 34] in
a different context, when discussing quantum correction
to entropy.
The higher-order Lovelock corrections result in more
branches. However, there is always only one branch
which is perturbative in α˜m. In particular, for m = 3
and α˜3 ≥ α˜22/3, we have
f(r) = 1− α˜2r
2
3α˜3
(A+(r) −A−(r) − 1) , (16)
where
A±(r) =
3
√√√√√
F (r)2 +
(
3α˜3
α˜22
− 1
)3
± F (r),
F (r) =
27α˜23
2α˜32
(
2M
r3
− Q
2
r4
+
Λ
3
)
+
9α˜3
2α˜22
− 1 .
When α˜3 < α˜22/3, there are three real solutions to eq.
(12) resulting to the three branches.
IV. HORIZONS AND HAWKING
TEMPERATURE
Here we will consider the structure of the event hori-
zons and Hawking temperature for the above solutions.
For these purposes it is convenient to use the event hori-
zon rH and cosmological horizon rC > rH instead ofM
and Λ. These units can be introduced as zeroes of the
function f(r). From (11) we find that ψ(rH) = κr−2H ,
then Eqs. (12) and (13) allow us to express the asymp-
totic mass as follows:
2M = Q
2
rD−3H
− 2Λr
D−1
H
(D − 1)(D − 2) +
m∑
m=1
α˜mκ
mrD−2m−1H .
Using a similar equation which involves rC ,
2M = Q
2
rD−3C
− 2Λr
D−1
C
(D − 1)(D − 2) +
m∑
m=1
α˜mκ
mrD−2m−1C ,
4one can obtain an expression for Λ in the asymptotically
de Sitter background,
2Λ
(D − 1)(D − 2) = Q
2 r
3−D
C − r3−DH
rD−1C − rD−1H
(17)
+
m∑
m=1
α˜mκ
m r
D−2m−1
C − rD−2m−1H
rD−1C − rD−1H
,
The extremal value of Λ can be obtained by taking the
limit rC → rH . Indeed, from the above equation we have
2Λ
(D − 2) = −
Q2(D − 3)
r2D−4H
+
m∑
m=1
α˜m
κm(D − 2m− 1)
r2mH
,
which is finite again for any D ≥ 3.
When D = 4 and κ = 1 we obtain a particularly simple
expression
Λ =
1
r2H
− Q
2 + α˜2
r4H
− 3α˜3
r6H
− 5α˜4
r8H
. . . . (18)
In the asymptotically AdS background it is more con-
venient to measure the Λ-term in units of the AdS radius
R, which is defined as [4]
ψ(r →∞) = − 1
R2
. (19)
Then, from eq. (12) we obtain
2Λ
(D − 1)(D − 2) =
m∑
m=1
(−1)mα˜m
R2m
. (20)
In addition, one can check that the surface gravity
measured in these units obeys a simple formula [4]
f ′(rH)
2
=
rH(Λ − Λ)
(D − 2)P ′[ψ(rH)] , (21)
where
P ′[ψ(rH)] =
dP
dψ
[ψ(rH)] = 1 +
m∑
m=2
mα˜m
(
κ
r2H
)m−1
.
In particular, using (18) for D = 4 and κ = 1 we obtain
an explicit expression for the Hawking temperature:
TH =
f ′(rH)
4pi
=
rH
4pi
1
r2H
− Q
2 + α˜2
r4H
− 3α˜3
r6H
. . .− Λ
1 +
2α˜2
r2H
+
3α˜3
r4H
. . .
,
(22)
which coincides with (3.25) of [22] for m = 2.
The value of the extreme charge Q as a function of the
coupling constants α˜i, radius of the event horizon rH and
the Λ-term can be obtained from the condition TH = 0:
Q
2
= r2H − α˜2 − 3α˜3r−2H − 5α˜4r−4H . . .− Λr4H .
V. METRIC OF THE COMPACT SOLUTION
(BLACK HOLE)
It was pointed out in [4], that for the compact solution
(κ = 1) of the perturbative branch ψ(r) is monotonically
decreasing within the following spans:
r−2H ≥ ψ(r) ≥ r−2C (de Sitter),
r−2H ≥ ψ(r) > 0 (flat),
r−2H ≥ ψ(r) > −R−2 (anti-de Sitter).
(23)
This condition allows one to solve (12) numerically for
any given values of D ≥ 3, α˜2, α˜3, . . . , 0 < rH < rC ≤
∞ (or R > 0), and Q ≤ Q. Numerical values of the
derivatives of the function ψ(r) can be further obtained
from the differential equation,
P ′[ψ(r)]ψ′(r) = −2(D− 1)M
rD
+
2(D − 2)Q2
r2D−3
,
for any value of r.1
The perturbation equations of the charged Lovelock
black hole were obtained in [10]. Finite values for βm =
mα˜m for D ≥ 3 correspond to the regularization pro-
posed in this paper. Although the stability analysis is
lacking for our case it can be performed using the ef-
fective potentials obtained in [10], by taking the limit
D = 4.
VI. CONCLUSIONS
Here we suggested a natural generalization of the four-
dimensional Einstein-Gauss-Bonnet theory of D. Glavan
and C. Lin [18] to the higher curvature terms in the Love-
lock form, that is, the four dimensional Einstein-Lovelock
theory. Further we considered static black objects in this
theory which allow for a cosmological term and electric
charge. The position of the event horizons and Hawk-
ing temperature is considered for these solutions. As the
metric function cannot be represented in a closed form
in the general case, the Mathematica R© code which con-
structs the metric functions for every fixed set of param-
eters (such as the mass, charge, coupling constants, Λ-
term, number of spacetime dimensions D) is developed.
An important questions which was beyond the scope of
this paper is the stability of the above solutions against
small perturbations of spacetime [36]. While the regime
of small coupling constants should be stable, we antici-
pate eikonal instability in the regime of strong coupling,
in a similar fashion with [19]. Then, it would be in-
teresting to study the quasinormal spectrum of the 4D
Einstein-Lovelock theory in the regime of stability.
1 The numerical method implemented in Wol-
fram Mathematica R© can be downloaded from
https://arxiv.org/src/2003.07788/anc/LovelockBH.nb .
5Note added: After the first version of this manuscript
was uploaded into the arXiv a paper [37] (uploaded a day
earlier) appeared, which has some (rather small) overlap
with our research: In Sec. IIIC of their work, a black hole
for a particular case of the Lovelock theory α˜3 = α˜
2
2/3 was
considered.
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